Let Y be a uniformly convex multi-Banach space which has not a Frechet differentiable norm. We use the technique of product net to obtain the nonlinear ergodic theorems in Y. Finally, let the dual of uniformly convex multi-Banach space have the Kadec-Klee property, we instate the weak convergence theorem in the case of reversible semi-group. MSC: Primary 39A10; 39B72; secondary 47H10; 46B03
Definition 1.2 Assume that (Y ,
) is a complex (respectively, real) normed space, and take m ∈ N. A multi-norm of level m on {Y : ∈ N m } is a sequence ( · : ∈ N m ) such that · is a norm on Y for each ∈ N m , such that y 1 = y for each y ∈ Y (so that · 1 is the initial norm), and such that the following Axioms (a1)-(a4) are satisfied for each ∈ N m with k ≥ 2: (a1) for each σ ∈ Σ and y ∈ Y , we have B σ (y) = y ;
(a2) for each β 1 , . . . , β ∈ C (respectively, each β 1 , . . . , β ∈ R) and y ∈ Y , we have is a multi-norm called the minimum multi-norm. Assume that G is a semi-topological semi-group. In this article, C is a nonempty bounded closed convex subset of a uniformly convex Banach space X. Let X * be the dual of X, then the value of u * ∈ X * at u ∈ X will be denoted by u, u * , and we associate the set
It is clear from the Hahn-Banach theorem that J(u) is not empty for all u ∈ X. Then the multi-valued operator J : X → X * is called the normalized duality mapping of X, also k = {J k (t) : t ∈ G} is a reversible semigroup of asymptotically nonexpansive functions acting on C. Let F( k ) denote the set of all fixed points of k , i.e., F( k ) = {u ∈ C : J k (t)u = u, ∀t ∈ G}. For each > 0 and p ∈ G, we put
by the continuity of elements {J k (p), p ∈ G} (for more details, we refer to [4] [5] [6] [7] [8] [9] ). We denote the set of all almost orbits of k and the set
and LAO( k ), respectively. Denote by ω ω (u k ) the set of all weak limit points of subnets of net {u k (t)} t∈G . Lemma 1.6 ([10] ) Assume that X is a Banach space and J is the normalized duality function. Therefore 
for all integers a 1 , . . . , a n ≥ 0, n ≥ 1 with n i=1 a i = 1, u 1 , . . . , u n ∈ C, and every nonexpansive function J k of C to C. Lemma 1.7 implies that, for all a 1 , . . . , a n ≥ 0 with
and
Main result
For studies on ergodic theory and its history, we refer to . The results of this paper are an extension and generalization of [31] .
. . , n, and
Lemma 2.2 For every p
Lemma 2.3 Assume that ∈ (0, 1] and p ∈ G a(a( 4 )) , so we can find n 0 ∈ N such that, for each n ≥ n 0 and u ∈ C,
. There is n 0 ∈ N satisfying
For any n ≥ n 0 and p ∈ G a(a( 4 )) , we can take a number
For every i ∈ N and u ∈ C, we put
Suppose that there is an element say t in {a i (u) :
). Then, for every i in {1, 2, . . . , n}, there exists at least one term a i+j 0 (u) (0
). Put
. . , n. Now, there are at most N elements in {i = 1, 2, . . . , n} such that i = 0. Since
we can conclude that, for all p ∈ G a(a( 4 )) ,
By Lemma 2.1, we get, for all p ∈ G a(a(
Using Lemma 2.2 and
Lemma 2.4 Suppose that u k (·) is an almost orbit of k . So
Proof To complete the proof, it is enough to prove that
We know, for every > 0, there are t 0 and s 0 ∈ G such that, for any t ∈ G, α(tt 0 ) < 1+d and ϕ(ts 0 ) < , where
Thus, there exists s 1 ∈ G such that
Then, for every a ∈ G, we get
Hence, (1) P k is nonexpansive in the sense
Proof We know D has a left invariant mean, so there is a net {γ k,α : α ∈ A} of finite means on G in which lim α∈A (γ 1,α - *
Then, I is also a directed system. For each β = (α, t) ∈ I, define P k,1 β = α, P k,2 β = t, and γ β = γ α . So, for every s ∈ G,
Assume that γ = {{t β } β∈I , t β ≥ P k,2 β, ∀β ∈ I}. Taking any {t β , β ∈ I} ∈ γ , since r * tβ γ k,β is bounded, without loss of generality, let r * tβ γ k,β be weak
On the other hand, for every u k ∈ LAO( k ), P k u k ∈ s∈G conv{u(t) : t ≥ s}. Next, we shall show that P k u k ∈ F( k ). Then, for every ∈ (0, 1], there is t 0 ∈ G such that, for each t ≥ t 0 ,
. Also, we can suppose that P k2 β ≥ t 0 for every β ∈ I, so t β ≥ t 0 , {t β } ∈ γ . From Lemma 2.3, for every p ∈ G a(a(
, there is n ∈ N such that, for each t ∈ G and β ∈ I,
Since for every t ∈ G
Combining it with the definition of P k u k , we get, for all p ∈ G a(a(
, , P k u k ∈ F (J k (p)). Now, the continuity of J k (p) implies that P k u k ∈ F( k ). Obviously, for any p ∈ G,
and for every v k ∈ LAO( k ) and s ∈ G, we have
Thus, 
Proof Let ∈ (0, 1], then there is t 0 ∈ G such that, for t ≥ t 0 , ϕ(t) < a( ) 4
. Suppose that p k ∈ ω ω (u k ), so we can find a subnet {u k (t α )} α∈A of {u k (t)} t∈G with ω-lim α∈A u k (t α ) = p k in which, for every α ∈ A, t α ≥ t 0 , in which A is a directed system. Using Lemma 2.3, for every p ∈ G a(a( a( )
))
, we can find n ∈ N such that, for every α ∈ A,
